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In this paper we investigate the topological structure of free topological universal algebras with 
given continuous signature. We establish some properties of compact subsets of free topological 
algebras and also some properties of MKequivalence. Next, we give necessary and sufficient 
conditions for a free topological algebra to be a k-space, an l-space or a space with countable 
tightness. 
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Introduction 
The beginnings of the theory of topological universal algebras are connected 
with the fundamental papers of Birkhoff [7], Markov [25], Kakutani 1211, Nagata 
[32], Nakayama [33], Graev [20], Mal’cev [23,24], Arhangel’skii [3,4]. 
The present paper is connected with results of Arhangel’skii, Choban, Dumi- 
trashcu, Fay, Kiriyak, Mal’cev, Morris, Nel, Okunev, Ordman, Pestov, Smith- 
Thomas, Swiercskowski, Taylor, Zambahidze (see References). 
In this paper we consider the topological aspects of the theory of topological 
universal algebras. Among the main instruments in topological algebra there are 
the notion of a variety and the notion of a free algebra. 
Sections 1, 2 and 3 are devoted to notions of topological universal algebras and 
free algebras. In Section 2 we discuss some general problems on topological 
universal algebras. 
The program of relating “interesting” topological properties of a Tychonoff 
space X with “interesting” properties of the free topological group F(X) was 
formulated by Pontrjagin (see [20]). In Sections 5-8 this program is developed for 
an arbitrary complete variety or topological universal algebras. 
The paper uses the terminology from [4,7,16]. 
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Moldova. 
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Notations and remarks. (1) cl,A or cl A denotes the closure of a set A in X. 
(2) 1 Y 1 denotes the cardinal&y of a set Y. 
(3) /3X denotes the Stone-Tech compactification of a Tychonoff space X. 
(4) A Cartesian product of spaces is equipped with the Tychonoff topology. 
(5) R denotes the space of reals and Q the space of rational numbers. 
1. Preliminaries 
The discrete sum E = @{En: II EN = {O, 1, 2,. . .)) of the pairwise disjoint 
topological spaces {E,: n E N) is called the continuous signature. If E is a discrete 
space then the signature E is said to be discrete. 
Definition 1.1. An E-algebra or a universal algebra of the signature E is a family 
IG, enG: n EN) for which: 
(1) G is a nonempty set. 
(2) e,G : E, X G” + G is a mapping for every n EN. 
The set G is called the support of the E-algebra and the mappings e,, are 
called an algebraical structure on G. 
The signature E is the set of symbols of operations. 
Consider an E-algebra G and a nonempty subset A of G. If e,,JE, XA”) GA 
for every n EN, then A is a subalgebra of G and enA = e,, I E, X A”. 
A mapping f : A + B of an E-algebra A into an E-algebra B is said to be a 
homomorphism if f(e,,,J{a) x A’>> = e,,({a) X B”) for any a E E, and f(e,,(b, 
Xl,..., x,1) = e,,(b, f(x,), . . . , f(x,)) for any n > 0, b E E, and x1,. . . , x, EA. If 
f is one-to-one and f, f-’ are homomorphisms, then f is called an isomorphism. 
Consider a nonempty family {AS: 5 E I7 of E-algebras. Let A = Il(Ac: 5 E I7 
and A” = lT(A;: 5 E r). We consider the mappings enA : E, X A” + A with e,,((c) 
xA”) = (e,,${c) x A;): 5 E r) for all c E E, and e,,(b, x> = {enA$b, x6): 5 ET) 
for every n > 0, b E E, and x = {xg =A;: 5 E r) E A”. The set A with the 
mappings enA is called a Cartesian product of the algebras A,. The natural 
projections r6. -A-A, are homomorphisms. If r=@, then ITIIA,: t~T)i =l. 
Definition 1.2. An E-algebra G together with a given topology on it is called a 
topological E-algebra if all the mappings e,G : E, X G” + G are continuous. 
The Tychonoff product of topological E-algebras is a topological E-algebra. 
Any topological space is said to be a T-,-space. 
If - 1 < i <j < 3.5, then every q-space is also a q-space. 
If a topological E-algebra G is a T-space, then G is called a C-E-algebra. 
Let i E (- 1, 0, 1, 2, 3, 345). 
By K(E) we denote the class of all T.-E-algebras. 
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If K is any class of topological algebras we define: 
OS(K): the class of all algebras topologically isomorphic to subalgebras of 
members of K; 
l P(K): the class of all Tychonoff products of families of members of K; 
OH(K): the class of all continuous homomorphic images of members of K; 
or(K): the class of all isomorphic images of members of the class K; 
OH,(K) = H(K) n E(E); 
l T;:(K) = T(K) n y(E). 
Definitions 1.3. A class K of topological E-algebras is called: 
- a T,-quasivariety if K = P(K) = S(K) C I/;(E); 
- a q-variety if K = P(K) = S(K) = H,(K); 
- a complete q-quasivariety if K = P(K) = S(K) = c(K); 
- a complete T-variety if K = P(K) = S(K) = H,(K) = T]:(K). 
Definition 1.4. A topological space X is nontrivial if X contains an open nonempty 
set U such that U #X. A class of spaces is said to be nontrivial if it contains a 
nontrivial space. 
If p E E, and G is an E-algebra, then e,,(Ip} x Go) = 1,. If n EN and q E E,,, 
then q : G” + G, where q(x,, . . . , x,J = e,,(q, x1,. . . , xJ, is an operation of type 
n on G. 
The set of terms T(E) is the smallest class of the operations on the E-algebras 
such that: 
(1) E z T(E) and e, E T(E), where e,(x) =x for every x E G. 
(2) If n > 0, e E En and ui,. . . , u, E T(E), then e(u,, . . . ,uJ E T(E). The type 
of e(u,, . . . , uJ is equal to the sum of types of terms ui,. . . , u,. 
Let 1 d m <n, N, = (1, 2,. . . , m} and h : N, onto\ N, be a mapping. The 
operation w : G” + G of type n and h generates the operation $ : G” + G, where 
*(X i,. . . , x,1 = dx,~,~, . . . , xhc,,), and $ is called an h-permutation of the opera- 
tion w. 
The set of the polynomials P(E) or of the derived operations is the smallest 
class of operations on E-algebras such that: 
(1) T(E) LP(E). 
(2) If REP d an g is an h-permutation of f, then g E P(E). 
If G is a topological E-algebra and w is a polynomial of type n, then the 
mapping w : G” + G is continuous. 
If w and II, are polynomials of types IZ and m, then the form w(x,, . . . ,x,) = 
clr(Y ,, . . . , y,) is called an identity on the class of E-algebras. 
Example 1.5. Let E, = 111, E, = I-‘}, E, = (.I and E = E, u E, U E,. The opera- 
tion 1: Go + G fixes the unit 1, in G. The operation -’ : G -+ G determines the 
inverse element x-‘. The operation . : G2 + G determines the product xy of x, 
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y E G. The operation ((xy)z)t is a term of type 4 and the operation (.xy)(zy) is a 
polynomial of type 3. An E-algebra G with the identities (xy)z = x(yz), 1, ‘x =x . 
lGCX, x.x-‘=x-‘._pl, is called a group. For a commutative group E = 
to, -, +I. 
Example 1.6. Let E, = {O, 11, E, = I-1, E, = I+, . } and E = E, U E, U E,. Then 
E is a signature of the rings with unit. 
Example 1.7. Fix a topological ring @. E, = (01, E, = { -1 + @, E, = { + 1. Then 
E = E, u E, u E, is a signature of @-modules. 
Example 1.8. A field @ is an object with the ring operations IO, 1, - , + ) and the 
operation x +x - ’ for every x # 0. The operation x -+ x- ’ is not an algebraic 
operation. Hence a field is not a universal algebra. 
2. Free topological algebras. General problems 
Fix a continuous signature E. 
Let G be an E-algebra, L c E and H G G. We put d&L, HI = H, d,(L, HI = 
H u (U{e,,((L n E,) x H’): n E Nl), d,+JL, HI = d&5, d,(L, H)), d(L, HI = 
lJ{d,(L, HI: n EN). 
If H # ff and L = E, then d(E, H) is an E-subalgebra of G generated by H. If 
d(E, H) = G, then the set H algebraically generates the E-algebra G. 
Definitions 2.1. We fix a T,-quasivariety K of topological E-algebras and a 
nonempty space X. 
(T) A couple (F(X, K), ix) is called a topological free algebra of a space X in 
the class K if the following conditions hold: 
(1) F(X, K) E K and ix : X + F(X, K) is a continuous mapping; 
(2) the set i,(X) algebraically generates RX, K); 
(3) for each continuous mapping f : X + G E K there exists a continuous 
homomorphism f: F(X, K) - G such that f(x) =f^(i,(x)) for every 
x E X. The homomorphism f^ is called the homomorphism generated by 
f* 
(A) A couple (F”(X, K), j,) is called an algebraically free algebra of a space X 
in the class K if the following conditions hold: 
(1) F”(X, K) E K and j, : X + F”(X, K) is a mapping; 
(2) the set j,(X) algebraically generates F”(X, K); 
(3) for each mapping f : X + G E K there exists a continuous homomor- 
phism f: R’“(X, K) + G such that f< j,(x)> = f(n) for every x E X. 
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Theorem 2.2 (see [9,15,241). Let K be a q-quasivariety of topological E-algebras. 
Then for every nonempty space X there exist: 
- a unique algebraically free E-algebra (F”(X, K), j,); 
- a unique topologically free E-algebra (F(X, K), i,); 
- a unique continuous homomorphism k, : F”(X, K) + F(X, K) with i, = k,. 
JX. 
Definitions 2.3. A T,-quasivariety K is called: 
- a p-class if for every Tychonoff space X the E-algebra F(X, K) is a 
T,-space and i x : X+ F(X, K) is an embedding; 
- a p-class if for every Tychonoff space X the E-algebra FCX, K) is a T,-space 
and ix is an embedding. 
A covering y of a space X is called generating, when a subset @ of X is closed 
if and only if for each P E y the intersection @ n P is closed in P. 
A T,-space X is called a k-space if a convering {@ LX: @ is compact} is 
generating. 
If 7 is a cardinal number and a covering {P cX: I P I G 7) is generating, then 
the tightness t(X) G T. 
The main aim of our paper is to consider the following problems. 
Problem 1. Under which conditions is F(X, K) a k-space? 
Problem 2 (Arhangel’skii for groups). Under which conditions is the tightness of 
F(X, K) countable? 
Problem 3 (see [3,11]). Under which conditions is the space F(X, K) paracompact 
or metrizable? 
Problem 4 (Mal’cev 1241 for finite signature). If k, : F”(X, K) + F(X, K) is an 
isomorphism, then F(X, K) is said to be algebraically free in K. Under which 
conditions is the algebra F(X,K) algebraically free in K? 
Problem 5 (Mal’cev [241 for finite E). Under which conditions is ix : X + F(X, K) 
an embedding? 
Problem 6 (Pontrijagin [201 for groups). The spaces X and Y are called MKequiv- 
alent if the algebras FCX, K) and F(Y, K) are topologically isomorphic. Which 
topological properties are preserved by the relation of M=equivalence? 
Problem 7. Which topological properties of F:(X, K) can be characterized by the 
topological properties of the space X? 
Problem 8. Which topological properties of X can be characterized by the 
topological and algebraical properties of the F(X, K)? 
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Theorem 2.4 (19,151; [381 for i 2 2). Let E be a discrete space and K be a complete 
nontrivial T,-quasivariety of topological E-algebras. Then K is a p-class and F(X, K) 
is algebraically free in K for every Tychonoff space X. 
Show that a space X is arcwise connected if for every points x, y E X there exists 
a continuous mapping h : [O, 11 +X such that x = h(0) and y = h(l). 
Theorem 2.5 (see [9,15]). Let K be a nontrivial complete T,-quasivariety of topological 
E-algebras. Then: 
(1) Every E-algebra G E K is topologically embedded in some arcwise connected 
locally arcwise connected E-algebra G E K. If G is a T.-space, then 6 is a q-space 
too. 
(2) For every Tychonoff space X the algebra F (X, K) is algebraically free in K and 
ix is an embedding. 
(3) K is a p-class if i 2 2. 
(4) K is a p-class if i > 3. 
Theorem 2.6. Let K be a Ti-quasivariety of topological E-algebras. Then: 
(1) For every mapping f :X -+ Y there exists a unique continuous homomorphism 
f:Fa(X, K)+F(Y, K) generated by the mapping f such that f(j,(x))=j,(f(x)) 
for each x E X. If f is one-to-one, then f-is a topological isomorphical embedding. 
(2) For every continuous mapping f :X + Y there exists a unique continuous 
homomorphism fi F (X, K) +F(Y, K)generated by fsuch thatf^(ix(x))=i,Af(x)) 
for every x E X. If f is one-to-one and F ( Y, K) is algebraically free in K, then f^ is 
one-to-one and F (X, K) is algebraically free in K. 
(3) If K is a complete p-class, n 2 1, H is a compact subset of E, and L,, . . . , L, 
are closed subsets of the Tychonoff space X, then L = e,,(xm(H X L, X . . . X L,) is a 
closed subset of the space F(X, I0 
Proof. Properties (1) and (2) follow from Definitions 2.1. 
Let bX be a Hausdorff compactification of a Tychonoff space X. Then there 
exists a one-to-one continuous homomorphism h : F (X, K) + F (Y, K) such that 
h(iJx)) = i,Jx) f or every x EX. Assume that Z =i,(Z) cF(Z, K) for all Ty- 
chonoff spaces Z. If Qj = cl,,Lj, then @ = enFCbX, K,(H X O1 X * * . X @,,I is a com- 
pact subset of F (bX, K) and L = h - l(Q). Hence, @ is a closed subset of F (bX, K) 
and L is a closed subset of F(X, K). 0 
Remark 2.7. A discrete signature is a particular case of a continuous signature. 
3. Algebraically free algebras 
Fix a continuous signature E. A class K of E-algebras is algebraically nontrivial 
or a-nontrivial if an algebra G, containing at least two different points, exists in K. 
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The class K of topological E-algebras is algebraically generated by a class L of 
topological E-algebras if 
L CKCqqS(P(L)))). 
The class L topologically generates the class K if 
LOKH(S(P(L))). 
Example 3.1. Let K be a T-,-variety of topological E-algebras and K_, = {G E 
K: G is an anti-discrete space}. Then K = F(K_,), K_, is a T-r-variety, K is 
algebraically generated by a class K_,, K is algebraically generated by a class of 
arcwise connected E-algebras and if the class K is nontrivial, i.e., K f K_,, then 
the class K is not topologically generated by a class K_,. 
Theorem 3.2. Let K be a complete T,-quasivariety of topological E-algebras and 
K,, = {G E K: G is arcwise connected}. Then: 
(1) K = S(K,,) and K is algebraically and topologically generated by a class of 
arcwise connected E-algebras. 
(2) If K is a B- c ass, 1 then K is topologically (and algebraically) generated by a 
class of arcwise connected Hausdorff E-algebras. 
Proof. Follows from affirmation (1) of Theorem 2.5. q 
Theorem 3.3. Let K be an a-nontrivial T.-quasivariety of topological E-algebras, 
L c K and T be a class of spaces such that: 
(a> IfX, YET, thenXXYET. 
(b) For every X E T, every finite subspace Y of X and every mapping f : Y -+ G E K 
there exist an E-algebra A EL, an E-subalgebra B of A, a continuous mapping 
h : X + A and a continuous homomorphism g : B + G such that f = g. h and h(Y 1 c 
B. 
Denote by M the minimal class of nonempty spaces satisfying the following 
conditions: T c M &P(M); if rC, : X -j Y is a one-to-one continuous mapping of X 
into YE M, then X E M. Then the classes K, L and M have the following properties: 
(1) For every space X E M the E-algebra F(X, K) is algebraically free in K, ix is 
a one-to-one continuous mapping and there exists a continuous isomorphism of 
F(X, K) onto an E-algebra of the class S( P(L)). 
(2) If any E-al ge b ra G E L is a T,-space, then for every space X E M the algebra 
F(X, K) is a T,-space. 
(3) IfZ=[O, IIEM d an any algebra G E L is a T,-space, then K is a B-class. 
(4) The class L algebraically generates the class K. 
Proof. Let Y CX and F”(Y, X, K) be an E-subalgebra of F”(X, K) generated by 
the set j,(Y). 
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Fix a space XE T and the different points x, y E F”(X, K). There exists a 
finite subset Y of X such that x, y E F”(X, K). The mapping j, : X -+ F”(X, K) 
is one-to-one. Let f= j, 1 Y: Y + F”(X, K). Then there exist an E-algebra A EL, 
a subalgebra B of A, a continuous mapping h : X -+A and a homomorphism 
g:B-+F”(X,K) such that hub and f=g.h. Let f:F(X,K)+A be a 
continuous homomorphism generated by h. Then g&kJz))) = z for every point 
z E F”(Y, X, K). Hence k,(nc) #k,(y) and k, is a one-to-one mapping. The 
affirmation (1) is proved for every space XE T. 
If the E-algebra F(Y, K) is algebraically free in K and f : X + Y is a one-to-one 
continuous mapping, then the E-algebra F(X, K) is algebraically free in K too. 
Let S = {X, E T, rt: X, + XP: a, p ED) be an inverse system of spaces, 
X = lim S, S” = {F”(X,, K), pf> be the inverse system generated by S, G = lim S”, 
xLy : X+X, and p, : G + F’(X, K) be the natural projections and the homomor- 
phism +a : F”(X, K) +F”(X,, K) be generated by rr,. Then there exists a 
continuous isomorphism r : F”(X, K) + G such that +a =p, . n- for all (Y ED 
(see [9, Property 91). Hence k,: R’;“(X, K) +F(X, K) is one-to-one and the 
affirmation (1) is proved for every X E M. The affirmations (2)-(4) are obvious. 
The proof is complete. 0 
A topological space is called totally or hereditarily disconnected if it does not 
contain any connected subspace of cardinality larger than one. 
Corollary 3.4. Let K be an a-nontrivial T.-quasivariety of topological E-algebras. 
Then for every totally disconnected space X the algebra F(X, K) is algebraically free 
inKandi x : X + F(X, K) is a one-to-one mapping. 
Corollary 3.5. Let K be a nontrivial T.-quasivariety of topological E-algebras and 
ind X= 0. Then F(X, K) is algebraically free in K and i, : X+ F(X, K) is an 
embedding. 
Corollary 3.6. Let the a-nontrivial T.-quasivariety K of topological E-algebras be 
generated by some class of arcwise connected algebras. Then for every Tychonoff 
space X the algebra F(X, K) is algebraically free in K and i, is one-to-one. 
Corollary 3.7. Let the a-nontrivial T-quasivariety K of topological E-algebras be 
generated by some class of arcwise connected T,-E-algebras. Then K is a p-class. 
Corollary 3.8. Let K be an a-nontrivial T-,-variety of topological E-algebras. Then 
for every space X the algebra F(X, K) is algebraically free in K and i, is one-to-one. 
Remark 3.9. Every variety of topological groups in the sense of Morris [28-301 is a 
T-,-variety in the sense of the present paper. 
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Examples 3.10. Let @ be a compact zero-dimensional noncommutative group and 
the topological compact commutative group T be the unit circle. Denote V= 
S(P((@, TJ)) and IV= H,(V). Then: 
(1) I/ is a P-T,-q uasivariety and W is a p-T,-variety of the topological groups. 
(2) We assume that X = j,(X) is a subset of F”(X, K) and X = i,(X) is a 
subspace of F(X, K) for every Tychonoff space X and K E {V, IV}. Then for 
every Tychonof space Y there exist a topological isomorphism (Ye: F”(Y, 
w> a F”(Y, I’) and a continuous homomorphism b, : F(Y, W) a F(Y, V) 
such that (Y,(Y) = y and b,(y) =y for every y E Y. 
(3) If the space X is connected, then F(X, V> is a commutative group. If 
I X ( > 1, then F”(X, V) is noncommutative. 
(4) If X is a Tychonoff space and dim /?X = 0, then b, is a topological 
isomorphism. 
(5) F([O, 11, V) = F([O, 11, WI and F([O, 11, V) is commutative. 
(6) The quasivariety I/ is not complete. 
(7) The variety W is not complete. 
It is sufficient to prove the assertions (4) and (5). Let X be a Tychonoff space, 
A E W and f : X -+A be a continuous mapping. There exist the compact groups 
B E W, G E V and a continuous homomorphism r,!~ : G + B such that A is a dense 
subgroup of B and $(G) = B. If dim pX= 0 or X= [O, 11, then there exists a 
continuous mapping g : X+ G for which f(x) = $(g(x)) for every x EX. Hense 
b, is a topological isomorphism. The proof is complete. 
Example 3.11 (see [lo]>. Let Z be a discrete group of integers, A4 = 
H(S(P({Z, T)))), M, = (T) and M, = {G EM: G is a connected space}. Then: 
(1) M is a P-T-i-variety of topological commutative groups. 
(2) M is algebraically generated by a class M, CA&. 
(3) M is not topologically generated by a class M,. 
(4) M is not a complete class. 
4. On the M-equivalence of spaces 
Fix a continuous signature E and a complete P-q.-quasivariety K of topological 
E-algebras. 
Consider a Tychonoff space X. 
We put d,(L, H) = d,(L, i,(X)> for every subset H LX. 
Definition 4.1. The E-algebra F(X, K) is compact-covering if for every compact 
set B c F(X, K) there exist the compact subsets H of X and L of E such that 
B cd,(L, H) for some n EN. 
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For each subset B of F(X, K) we define the carrier B” of B in X: 
B”= (x=X: B\d(E, X\{x}) #@} = n{YcX: BLD(E, Y)}. 
If B” = @, then we consider B” = {x0) for some x0 EX. 
Lemma 4.2. Let B c F(X, K), L c E, n EN and B cd,(L, X). Then B c 
d,(L, B’). 
Proof. It is obvious that B cd(E, B”). If x E B n d(L, X), then 4(x,, . . . , n,) =x 
forsomemEN,qELnE,andx,,..., x, E X. For some polynomial p of type k 
and y1 ,. . . , y, E B” we have p(y,,. . ., yk) =x. Hence 4(x,,. . ., x,) =p(y,, . . . , yk). 
Let h : {xi,. . . , x,,) + {yi, . . . , yJ be a mapping, where h(xj) =xj if xj E 
IY i,. . . , yk). Since the algebra F(X, K) is algebraically free in K, we have 
q(h(x,), . . . , h(x,,J =4(x,, . . . , x,J =x. Hence B n d,(L, Xl = B fl d,(L, B”). In 
the same way we prove, that B n dj(L, Xl = B n dj(L, Bn) for every j EN. The 
proof is complete. 0 
The sequence IX,: n EN) of the subspaces of a space X is called a k,-se- 
quence if: X, c X, + 1 and X,, is a closed compact subset of X for every n EN; the 
subset H is closed in X if and only if H n X,, is closed in X for every n EN. A 
T,-space with a km-sequence is called a k,-space. Every k,-space is a normal 
k-space (see [193>. 
A subset B of a space X is said to be bounded if every real-valued continuous 
function on X is bounded on B. 
The next theorem for variety of all groups was obtained by Arhangel’skii and 
Choban [6,10]. 
Theorem 4.3. Let E be a k,-space and X be a Tychonoff space. If @ is a bounded set 
in F(X, K), then @” is bounded in X and there exist n E N and a compact subset L 
of E such that @ cd,,(L, @“). 
Proof. Let IL,: n EN} be a km-sequence of E. We consider that L, c U{Ej: j < 
n + l}. 
Case 1: X is a k,-space. 
Let {X,: n EN} be a k,-sequence of X. Then {d,(L,, XJ: n EN} is a se- 
quence of compact subsets and F(X, K) = lJ{d,(L,, X,): n EN}. For every n, 
m EN the mapping Icr,,,, = emF(X,K) l(L, n E,) x (d,(L,, X,>P is continuous and 
$,,((L, n E,) x (d,(L,, XJ>“? ~d,+@,+~, X,+,1. Hence {d&5,, XJ: n EN) 
is a k,-sequence of F(X, K) and F(X, K) is a km-space (see [15]>. The set cl @ is 
a compact subset of F(X, K) and hence @ E d,(L,, X,) for some n E N. From 
Lemma 4.2 it follows that @ c d,(L,, @“I, cl,@” is a compact subset of X and @” 
is a bounded subset in X. 
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Case 2: X is an arbitrary Tychonoff space. 
We fix the continuous real-valued function f : X + R. We put Y = pX X R and 
Y, = /3X x [-n, - n]. Then {Yn: n EN} is a k,-sequence of the space Y. A map- 
ping h(x) = (x, f(x)) is an embedding of X in Y. There exists a continuous 
isomorphism g : F(X, K) -+ F(Y, K) such that g(i,(x>> = i,(x) for every x E X. 
The set g(Q) is bounded in F(Y, K). Hence g(Q) cd,(L,, Y,) for some IZ EN. 
Then f(W) c [-n, n] and the function f is bounded on @“. Therefore the set @” 
is bounded in X. We have h(P) = (g(Q))” and g(Q) cd,(L,, (g(@))‘). There- 
fore Q, cd,(L,, @“). The proof is complete. 0 
Corollary 4.4. Let E be a km-space, X be a Tychonoff space and any closed bounded 
subset of X is compact. Then the algebra F(X, K) is compact-covering and any 
closed and bounded subset of F(X, K) is compact. 
Theorem 4.5. Let E be a k,-space and X and Y be Mk-equivalent Tychonoff spaces. 
Then : 
(1) If X is compact, then Y is compact. 
(2) If X is pseudocompact, then Y is pseudocompact. 
Proof. Let h: F(X, K) a F(Y, K) be a continuous isomorphism and X be a 
pseudocompact space. Then B = h(X) is bounded in F(Y, K) and Y = B” is a 
bounded set in Y. Hence Y is pseudocompact. If X is compact, then Y is a 
a-compact pseudocompact space. The proof is complete. 0 
Theorem 4.5 for a variety of all topological groups was proved by Graev [20]. 
The paracompactness i  not preserved by the Z-equivalence [5,36]. Is it preserved 
by the M=equivalence or M-equivalence? 
Definition 4.6. The space X is called an s,-space if there exists a k,-sequence 
{X,: n E IV], where X,, is metrizable for every n E N. 
A family y of a space X is a network (pseudobase) for X if for every singleton 
(compact) subset L of X and every open in X subset U 2 L we have L CA & U 
for some A E y. A regular space with a countable network (pseudobase) is called 
cosmic (an X,-space) (see [1,2,26,27]). 
The mapping f : X -+ Y is compact-covering if every compact subset of Y is an 
image of some compact subset of X. 
Corollary 4.7. Let E be an s,-space and X and Y be the M=equivalent Tychonoff 
spaces. Then : 
(1) If X is a metric compact space, then Y is metric compact and F(X, K) is a 
stratifiable space. 
(2) If X is a cosmic space, then Y and F(X, K) are the cosmic spaces. 
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(3) Zf X is an X,-space, then Y and F(X, K) are of the same type. 
(4) Zf X is a Corson or an Eberlein compact space, then Y is a space of the same 
type. 
(5) Zf X is a sequential k,-space, then Y and F(X, K) are of the same type. 
Proof. Let {Qn: n EN} be an s,-sequence of E, X be a paracompact space and 
@I? c@n+r ME,+, for every n EN. We consider that X= i,(X) c F(X, K). De- 
note F,O(X, K)=Fo(X, K)=X, zj(n+l,=(Ej n Qnn+l)X (F,(X, K))‘, ej,(,,,)I 
‘j(n + 1) = +j(n + l), Q+l(X, K) = $j~.(n+l)(Zj(,+l))> Fn+l(X, K) = Fn(X, K) ‘J 
lJ{Fi+ ,(X, K) : j G n + 1)) for every n EN and j < n + 1. In virtue of Theorem 
2.6 the sets Fi(X, K) and FnF,(X, K) are closed in F(X, K). By Theorem 4.3 the 
mappings ~9~~ : Zjn * F,$X, K) are compact-covering and for every compact 
subset H of F(X, K) there exists a number m EN such that H c F,(X, K). 
Let F,_,(X, K) be an Q-space for some n > 0. Then Zjn and F$X, K) are the 
K,-spaces. If the space Y is a union of the finite number of closed K,-subspaces, 
then Y is an X,-space. Hence F,(X, K) and F(X, K) are the X,-spaces. The 
affirmation (3) is proved. 
This construction and Theorem 4.5 with the results of Arhangel’skii [3,4] yield 
the other affirmations. q 
Corollary 4.8. Let E be a k,-space and g : F(X, K) -+ F(Y, K) be a continuous 
homomorphism generated by the continuous mapping f : X + Y of a Tychonoff space 
X onto a Tychonoff space Y. Then: 
(1) Zf every closed bounded subset of Y is compact and f is a compact-covering 
mapping, then g is compact-covering. 
(2) Zf every closed b ounded subset of X is compact and g is compact-covering, 
then f is compact-covering. 
Problem 4.9 (Arhangel’skii for groups). Let E be a km-space and X and Y be 
MKequivalent Tychonoff spaces. Is it true that: 
(1) If X is Lindelof, then Y is also Lindeliif? 
(2) If X is countably compact, then Y is also countably compact? 
(3) If E is an s,-space and X is a stratifiable or metrizable space, then Y is a 
stratifiable space? 
5. Countability of tightness in free topological algebras 
A regular space with a a-discrete network is called a m-space [35]. 
Definitions 5.1. A Hausdorff space X is called: 
- an I-space if a covering {F LX: F is a Lindelof subspace} is generating; 
_ a space with the countable tightness if a covering {F LX: F is countable} is 
generating. 
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Lemma 5.2. Let X be a u-space. The tightness t(X) of X is countable if and only ifX 
is an l-space. 
Proof. Is obvious. •I 
The FrCchet-Urysohn fan of cardinality 7 is the space 1/(r) = {b,,: m EN, 
(Y < 7) u {O} in which all points b,, are isolated and a set U G V(T) is a neighbour- 
hood of a point 0 if and only if 0 E U and for every (Y < r the set {m EN: 
b,, E U} is finite (see [6]). The space I/(X,) is an s,-space. For every 7 the space 
V(T) is a paracompact sequential u-space. 
Lemma 5.3. V(T>~ is not an l-space for every uncountable cardinal 7. 
Proof. Let 7 > K,. Malyhin proved, that the tightness of the square V(T)~ is 
uncountable (see [6, Theorem 1.111). The space V(T)” is a paracompact a-space 
for every n EN. Lemma 5.2 and the Malyhin theorem complete the proof. 0 
A space X is called a k,-space if every real-valued function f : X + R is 
continuous if and only if its restriction over any compact subspace in X is 
continuous. Every k-space is a k,-space. There exists a a-compact cosmic k,-space 
which is not a k-space [27, Example 1.11. 
Lemma 5.4. V(T>~ is not a k,-space for every uncountable cardinal 7. 
Proof. In virtue of the Malyhin theorem [6, Theorem 1.111 there exists a subset 
H c_ V(T) such that (0, 0) E cl H and (0, 0) e cl(L n H) for every countable subset 
L of V(T)*. For every y E V(7) the subspaces (y) X V(T) and V(T) X {y) of V(712 
are k-spaces and every compact subspace of V(T)* is countable. Suppose that H is 
closed in V(T)*\{(~), 0)}. Then there exists an open and closed subset U 3 0 of 
V(T) such that (U x U) n ((0, y), (y, 0)) = 6 for every y E U\It3). Assume that 
H c U2 c V(7j2. Hence H is open in V(7j2 and closed in V(T>2\{(0, 0)). Consider 
the function f : V(712 + R, where f-‘(O) = H and f-‘(l) = V(7j2\H. The func- 
tion f is not continuous at the point (0, 0) and the restriction f I(V(T)2\{(0, 0))) 
is continuous. Let F be a compact subset of V(T)~ and (0, 01 E F. Then F is 
countable and the set F f~ H is compact. Hence IV= F \H is a neighbourhood of 
the point (0, f3) in F and f(W) = 1. Therefore f ( F: F -+ R is continuous. The 
proof is complete. 0 
Definition 5.5. Let E be a continuous signature. The class K of E-algebras is 
called a Mal’cev class if there exists a polynomial p(x, y, z) such that the 
equations 
x =P(Y, Y, x> =p(x, Y, Y) 
hold identically in K. The polynomial p(x, y, z) is called a Mal’cev polynomial. 
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Example 5.6. In the class of all groups p( x, y, z) = x + y - 1 .z is a Mal'cev polyno- 
mial. 
Lemma 5.7. Let E be a continuous signature, the complete B-T.-quasivariety K be a 
Mal’cev class and Y, Z be closed subspaces of a normal space X. If 1 Y n Z 1 G 1, 
then Y x Z is a closed subspace of F(X, K). In particular, if V(T) is a closed 
subspace of X, then V(rj2 is a closed subspace of F(X, K). 
Proof. Let p(x, y, z) be a Mal’cev polynomial. We consider that X= i,(X) c 
F(X, K) for every Tychonoff space X. There exists a continuous isomorphism 
h, :F(X, K) + F(PX, K) such that h,(x) =x for every x EX. 
Let Yi = clP,Y and Z, = cl,,Z. Then I Y, n Z, 1 G 1. Fix a point c E Y. The 
mapping f : Y x Z + F(X, K), where f(y, z) =p(y, c, z), is continuous. Suppose 
that p(x, c, z) =p(y, c, u). Let Y n Z c {c}. It is clear that if x # c # z, then x # z 
and p(x, c, z> 4X. If x zy and x Z c, then p(x, c, t) =P(u, c, z> and P(Y, c, u) 
=p(v, c, u) for every point u EX. Hence .a =p(c, c, z) =p(x, c, z) =P(Y, c, u) 
=p(c, c, u) = u and x = y = c. Therefore x = y and z = u. Hence f is a one-to-one 
mapping. The mapping g : Yi X Z, + F@X, K), where g(y, z) =p(y, c, z), is an 
embedding and g(Y, x Z,) is a compact and closed subset. Since g(y, z) = 
hx(f(y, z)) for every (y, z) E YX Z, we have f(YX Z) = h,‘(g(Y, X Z,)). Hence 
f is an embedding and f(Y X Z> is closed in F(X, K). 
Let V(T) be a closed subset of X. Then V(T) = Y U Z, where Y n Z = 101 and 
the spaces V(T), Y, Z are homeomorphic. The proof is complete. 0 
Lemma 5.8 (Mal’cev 1241 for finite E). Let g : A + B be a homomorphism of a 
topological E-algebra A with the Mal’cev polynomial onto an E-algebra B. Then the 
E-algebra B equipped with the quotient topology is a topological E-algebra and the 
quotient mapping g is open. 
Proof. Let p(x, y, z) be a Mal’cev polynomial on the algebra A and V be an open 
set in A. We prove that U = g-‘(g(V)) is open in A (this statement was proved by 
Mal’cev [24]). Fix a point x E U. Then g(x) = g(y) for some y E V. Since y = 
p(x, x, y> and the mapping p: A3 + A is continuous, there exists an open set W 
in A such that x E W and p(W, W, y) c V. Let c E W. Then p(c, x, y> E V and 
g(p(c, x, y)> = g(p(c, y, y)) = g(c). Hence WC U and the mapping g is open. 
Let n > 1, w E E,, y,, . . . , y,, E B, U be an open set in B and enB(q yi, . . . , y,) 
E U. Fix the points xi ~g-‘(yi),...,~~~g - ‘( y,). There exist the open sets 
vi 3x,,..., V, 3x, in A and an open set W 3 w in E, such that e,,(W X VI 
X . . . x V,) &g-‘U. Then e,,(W X g(l/,) x * * * x g(V,)> c U and the mapping 
e nB : E, X B” -+ B is continuous. The proof is complete. 0 
Corollary 5.9. Let E be a continuous signature, the /3-T,-quasivariety K be a Mal’ceu 
class and the homomorphism g : F(X, K) -+ F(Y, K) be generated by the quotient 
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mapping f : X + Y of the Tychonoff space X onto the Tychonoff space Y. Then g is an 
open continuous homomorphism. 
A space X is of pointwise countable type if for every point x EX there exists a 
compact set F(x) 3.x of countable character in X. 
Theorem 5.10. Let E be a continuous signature, the complete /?-T.-quasivariety K be 
a Mal’cev class and X be a paracompact T,-space of pointwise countable type. The 
subspace X’ of all nonisolated points in X is a Lindeltif space if the space F(X, K) 
satisfies one of the following conditions. 
(1) F(X, K) is an l-space. 
(2) F(X, K) is a k,-space. 
(3) F(X, K) is a k-space. 
(4) The tightness of F(X, K) is countable. 
Proof. Let X’ be not a Lindelof space. Then there exists a discrete subset 
(x0 EX’: p < N,) of X. We fix a discrete and open family {U,: /3 < N,) of X such 
that xp E U,. Fix a compact subset Fe 3 xp of X and a sequence {I(,,: n EN) of 
open subsets of X such that: Fp L VC(n +1jp c Vnp c U, and I& \ I(,+ ijp Z fl for 
every n EN; for every open set I/, where Fp c I/, there exists an m EN such that 
I/mp C v: 
Let F= UIFg P < ~,I, ynp E Kp\I/(n+lj and Y be a quotient space of X 
obtained by identifying the set F in a point 8. If f : X + Y is a natural mapping, 
then f is closed and the continuous homomorphism g : F(X, K) + F(Y, K) 
generated by the mapping f is open and the closed subspace Z = {O} U (b,,, = 
f( y,&: p < K,, n E N) of Y is homeomorphic to the space V(N i). By Lemmas 5.3 
and 5.4, V(K,j2 is neither an l-space nor a k,-space. Then from Lemma 5.7, 
F(Y, K) is not an l-space and a k,-space. A quotient image of an l-space (a 
k,-space) is an l-space (a k,-space). Hence, F(X, K) is not an l-space and a 
k,-space. The proof is complete. 0 
A space X is called a z-space if there exist a a-locally finite closed covering y 
of X and a family {F(x): x E X} of compact subsets of X such that for every x E X 
and for every open subset U 1 F(x) in X we have x E P c U for some P E y (see 
[31]). Every paracompact p-space [2] is a S-space of pointwise countable type. 
Theorem 5.11. Let E be a Lindelof S-space, the complete /3-T.-quasivariety K be a 
Mal’cev class, X be a paracompact Hausdorff Z-space of pointwise countable type, 
X’ be the set of all nonisolated points in X and for every open set U 2 X’ in X the set 
X\ U be countable. Then: 
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(A> The following statements are equivalent: 
(la) X is Lindeliif. 
03) 
(2a) F(X, K > is Lindeltif. 
(3a) F(X, K) is a Lindeliif z-space. 
(4a) F(X, K) is an l-space. 
If E is a cosmic space and X is a metrizable space, then the following 
statements are equivalent: 
(lb) 
(2b) 
(3b) 
(4b) 
X is separable. 
F(X, K) is a cosmic space. 
F(X, K) is an l-space. 
The tightness of F(X, K) is countable. 
Proof. The implication (4a) + (la) follows from Theorem 5.10. The implications 
(3a) + (2a) + (4a) are obvious. 
Let X be a Lindelijf space. Denote FO(X, K) = i,(X) and I;, + 1( X, K) = 
F,(X, K) U (U{emFCX,Kj(Em X (F,(X, K))“): m <n + 1)). It is clear, that 
F(X, K) = U {F,( X, K): n E N). The class of Lindeliif Z-spaces has the following 
properties: it is preserved by the continuous mappings; it is countably multiplica- 
tive; it is countably additive. Hence, the space F(X, K) is a Lindelijf Z-space. 
Let E be a cosmic space and X be a cosmic (or a separable metric) space. Then 
F,(X, K) is a cosmic space for every n EN. Hence, F(X, K) is a cosmic space. 
The tightness of a cosmic space is countable. The proof is complete. 0 
Remark 5.12. For a metric space X and the variety of K of all topological groups 
or all topological commutative groups Theorem 5.10 in conditions (3) and (4) was 
proved in [6]. In [lo] condition (3) was proved, that the Lindeliif number 1(X’> < 
2xo. 
6. k-property in free topological algebras 
Theorem 6.1 ([22]; [14] for topological groups). Let E be a continuous signature, the 
complete P-T,-quasivariety K be a Mal’cev class and X be a Tychonoff space of 
pointwise countable type. Zf F(X, Y) is a k-space, then Y is locally countably 
compact. 
Remark 6.2. For a free commutative group A(X) or a free group F(X) and a 
metrizable space X Theorem 6.1 was rediscovered in [6, Proposition 2.81. 
Corollary 6.3 (see [17]). The free topological group F(Q) over the space of rationals 
Q is not a k-space. 
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Theorem 6.4. Let E be a km-space, the complete P-T.-quasivariety K be a Mal’cev 
class, X be a paracompact space of pointwise countable type, X’ be a subspace of all 
nonisolated points in X and for every open set U 1 X’ in X the set X\ U is countable. 
Then : 
(A) The following statements are equivalent: 
(la) F(X, K) is a km-space. 
(2a) F(X, K) is a k-space. 
(3a) X is a locally compact Lindelof space. 
(B) IfEisad’ tscrete countable space and X is a metric space, then the following 
statements are equivalent: 
(lb) X is a locally compact separable space. 
(2b) F(X, K) is a k,-space. 
(3b) F(X, K) is a k-space. 
(4b) F(X, K) is a km-space. 
Proof. The implication (la) + (2a) is obvious. The implication (2a) + (3a) follows 
from Theorems 5.11 and 6.1. The implication (3a) + (la) is proved in Case 1 of the 
proof of Theorem 4.3. 
Let E be a discrete countable space and X be a metric space. The implications 
(lb) + (4b) + (3b) -+ (2b) are obvious. Let F(X, K) be a k,-space. By Theorem 
5.10 the space X is separable and in virtue of Corollary 4.7, F(X, K) is an 
N,-space. In [ll, Section 91 was proved that F(X, K) is an F,-metrizable space. 
The F,-metrizable X,-space is a k-space if and only if it is a k,-space [27, 
Corollary 1.41. Hence, F(X, K) is a k-space and X is a locally compact separable 
space. The proof is complete. 0 
Remark 6.5. For the separable metric space X, the free topological group F(X) 
and free topological commutative group A(X) Theorem 6.4(b) was proved in [6, 
Theorem 4.41. 
Remark 6.6. Let K be a nontrivial complete 7;-quasivariety of topological E-alge- 
bras. If i > - 1 and K is a Mal’cev class, then K is a p-class (see [11,23,391). 
7. The variety of commutative groups 
A class K of topological E-algebras is called a class of topological commutative 
E-groups if the following conditions hold: 
(1) E=E,UE,UE,, E,=(O) and E,={+}. 
(2) For some operation (-) E E, any G E K is a topological commutative 
group relatively to operations {O, -, +). 
(3) e,,(q, x + Y> = e,,(q, x) + e&q, Y) and e,,(q, -x) = -e&q, x) for ev- 
ery qEEI, GEK and x, LEG. 
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Here without loss of generality we may assume that x = e,,(e, x) for some 
eEEI andall ~EGEK. 
Remark 7.lp-modul. If P is a topological ring, then every class of topological 
P-modules is a class of topological commutative E-groups and E, = { -} u P. 
Theorem 7.2. Let K be a P-l;.-quasivariety of topological commutative E-groups. If 
X = Y CB Z, then F(X, K) = F(Y, K) X F(Z, K). 
Proof. see [lo, Section 51. 0 
Theorem 7.3 ([lo] for commutative groups). Let K be a complete nontrivial T-quasi- 
variety of topological commutative E-groups, E be a countable discrete space and X 
be a paracompact space of pointwise countable type. Then the following conditions 
are equivalent : 
(1) F(X, K) is homeomorphic to a product of a k,-space with a discrete space. 
(2) F(X, K) is a paracompact k-space. 
(3) F(X, K) is a k-space. 
(4) X is locally compact and the subspace X’ of all nonisolated points in X is 
Lindellif. 
(5) X = Y CB Z, where Y is a Lindeliif locally compact space and Z is discrete. 
Proof. The implications (1) + (2) -j (3) are obvious. The implication (3) -+ (4) 
follows from Theorems 5.7 and 6.1. The implication (4) + (5) is obvious. Let 
X= Y @ Z, where Y is a Lindeliif locally compact space and Z is discrete. Then 
the space FCZ, K) is discrete and in virtue of Theorem 6.4, F(Y, K) is a k,,,-space. 
Hence, F(X, K) = F(Y, K) X F(Z, K) and the proof is complete. 0 
8. The varieties of semigroups 
Let E ={l, -l, * } be a signature of topological groups, I( be a q-variety of all 
topological T,-groups and II( be a T.-variety of all topological T.-E-algebras with 
identities(x*y)*z=x.(y.z), x.1=1*x=x, x=(x-‘)-‘. 
Then y and y are complete P-q-varieties of topological E-algebras, w is a 
variety of semigroups with a unit and an involution (the operation (-‘) is an 
involution in all G E lQ. For every Tychonoff space X the algebra FCX, y> is a 
topological free group F(X). 
Let X be a q-space, the spaces X, X1 =(x1: x EX) and X-’ = Ix-‘: x EXJ 
be homeomorphic, Y=X’@X-’ and Q(X)= @{Y”: n EN}. If y =X~E Y, then 
Y 
-1 =x-’ 
’ E Y for every j E (1, - 11. Let x = (xi,. . . , x,J E Y” and y = (yl,. . . , y,) 
E Y”. yn+m. Hynz 
9 
;;X;“,“(X.~;Y;~)‘Y~ and X-Y =(xi,...,x,, Y~,...,Y,)E 
3 I . 
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It is clear that y c y.. Let X be a Tychonoff space. There exists a unique 
continuous homomorphism uix : RX, Wi> % F(X, K;:> such that uix(x) =x for 
every x EX. If X is metrizable, then F(X, K) is also metrizable. If X is a 
metrizable nonlocally compact space, then F(X, r/;:> is not a k-space and the 
homomorphism uix : F(X, Wi> -+ F(X, r/;:> is not a quotient mapping. 
Hence the results of Sections 5-7 are not true in the varieties y of topological 
semigroups with a unit and an involution and the Mal’cev polynomial played an 
essential role in this sections. 
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